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Abstract

The last two decades have witnessed an unprecedented increase in computational power, leading to a
vast surge in the volume of available data. Datasets can include billions of observations, models can
involve millions of parameters. As a consequence, machine learning algorithms have evolved to adapt
to this new situation. Especially, stochastic algorithms, which were first introduced in the 1950s,
have recently received renewed attention due to their ability to handle large-scale datasets with
millions of parameters. These algorithms use first-order information to alleviate the computational
cost associated with high-dimensional data. Additionally, they efficiently process a large number of
observations by computing stochastic gradients. These methods are key to the remarkable progress
in machine learning over the last two decades.

However, many modern applications now use a network of clients to store the data and compute
the models: efficient learning in this framework is harder, especially under communication constraints.
This is why, a new approach has been proposed, federated learning, which considers a distributed
setting: the data is kept on the original server and a central server orchestrates the training process
across multiple clients.

This thesis aims to address two fundamental aspects of federated learning. The first goal is to
analyze the trade-offs of distributed learning with communication constraints, with the objective of
reducing its energy cost and environmental footprint. The second goal is to tackle problems resulting
from heterogeneity among clients, which hinders the convergence toward an optimal solution. This
thesis focuses on bidirectional compression and summarizes my contributions to this field of research.

In our first contribution, we focus on the intertwined effect of compression and client (statistical)
heterogeneity. We introduce a framework of algorithms, named Artemis, that tackles the problem of
learning in a federated setting with communication constraints. To alleviate the communication cost,
Artemis enables to compress the information sent in both directions (from the clients to the server
and conversely) combined with a memory mechanism. We highlight the key impact of memory on
convergence in the heterogeneous setting.

In our second contribution, we move the focus toward feedback loops to reduce the impact of
compression. We introduce an algorithm, coined MCM; it builds upon Artemis and introduces a
new paradigm that preserves the central model from down compression. This mechanism allows
to carry out bidirectional compression while asymptotically achieving the rates of convergence of
unidirectional compression.

In our third contribution, we go beyond the classical worst-case assumption on the variance of
compressors and provide a fine-grained analysis of the impact of compression within the fundamental
learning framework of least-squares regression. Within this setting, we highlight differences in
convergence between several unbiased compression schemes having the same variance increase.

Overall, this thesis proposes contributions to the field of federated learning by addressing
central challenges and proposing solutions for efficient and sustainable learning in a distributed
and heterogeneous framework. This work aligns with a global effort to make the use of large-scale
federated learning viable by minimizing its environmental impact. Although benefits are expected,
at least with respect to energy concerns, cautiousness is still required, as a rebound effect could
occur: having faster and less energy-consuming algorithms could lead to a sharp increase in their
applications, reducing or even canceling out the gains made by progress in their design.

Key-words: Federated learning, optimization, bidirectional compression, heterogeneity.



Résumé
Les deux dernières décennies ont été marquées par une augmentation sans précédent de la puissance
de calcul et du volume de données disponibles. Les ensembles de données peuvent comprendre
des milliards d’observations et les modèles peuvent comporter des millions de paramètres. En
conséquence, les algorithmes d’apprentissage automatique ont évolué pour s’adapter à cette nouvelle
situation. En particulier, les algorithmes stochastiques, qui ont été introduits pour la première fois
dans les années 1950, ont récemment bénéficié d’un regain d’attention en raison de leur capacité
à traiter des ensembles de données à grande échelle comportant des millions de paramètres. Ces
algorithmes utilisent des informations de premier ordre pour réduire les coûts de calcul associés aux
données en haute dimension. En outre, ils traitent efficacement un grand nombre d’observations en
calculant des gradients stochastiques. Ces méthodes sont la clé des remarquables progrès réalisés au
cours des deux dernières décennies dans le domaine de l’apprentissage automatique.

Cependant, beaucoup d’applications modernes utilisent désormais des réseaux de clients pour
stocker les données et calculer les modèles : l’apprentissage devient plus complexe, en particulier
en raison des contraintes de communication. C’est pourquoi, une nouvelle approche a été proposé,
l’apprentissage fédéré, où les données sont gardées sur leur support d’origine tandis qu’un serveur
central est mis en place pour orchestrer l’entraînement.

Cette thèse vise à aborder deux aspects fondamentaux de l’apprentissage fédéré. Le premier
objectif est d’analyser les compromis de l’apprentissage distribué sous contraintes de communication ;
le but étant de réduire le coût énergétique et l’empreinte environnementale. Le second objectif est
d’aborder les problèmes résultant de l’hétérogénéité des clients qui complexifie la convergence de
l’algorithme vers une solution optimale. Cette thèse se concentre sur la compression bidirectionnelle
et résume mes contributions à ce domaine de recherche.

Dans notre première contribution, nous nous concentrons sur l’effet entremêlé de la compression
et de l’hétérogénéité (statistique) des clients. Nous introduisons un framework d’algorithmes, appelé
Artemis, qui s’attaque au problème des coûts de communication de l’apprentissage fédéré. Pour les
réduire, Artemis permet de compresser les informations envoyées dans les deux sens (des clients vers
le serveur et inversement) en combinaison avec un mécanisme de mémoire. Dans le cas de clients
hétérogènes, nous mettons en lumière l’impact clé de la mémoire sur la convergence.

Dans notre deuxième contribution, nous mettons l’accent sur les boucles de rétroaction afin
de réduire l’impact de la compression. Nous introduisons un algorithme, MCM, qui s’appuie sur
Artemis et propose un nouveau paradigme qui préserve le modèle central lors de la compression
descendante. Ce mécanisme permet d’effectuer une compression bidirectionnelle tout en atteignant
asymptotiquement des taux de convergence identiques à ceux de la compression unidirectionnelle.

Dans notre troisième contribution, nous allons au-delà de l’hypothèse classique du pire cas
sur la variance et fournissons une analyse fine de l’impact de la compression dans le cadre de la
régression des moindres carrés. Dans cette configuration, nous mettons en évidence les différences de
convergence entre plusieurs schémas de compression sans biais ayant pourtant la même variance.

Cette thèse apporte des contributions au domaine de l’apprentissage fédéré en relevant des défis
importants et en proposant des solutions pour un apprentissage efficace et durable dans un cadre
distribué et hétérogène. Ce travail s’inscrit dans un effort global visant à rendre viable l’utilisation
de l’apprentissage fédéré à grande échelle en minimisant son impact sur l’environnement. Bien
que des bénéfices soient attendus, du moins en ce qui concerne les préoccupations énergétiques,
la prudence reste indispensable, car un effet de rebond pourrait survenir : disposer d’algorithmes
énergétiquement moins chers et plus rapides pourrait entraîner une forte augmentation de leurs
applications, réduisant voire annulant les gains réalisés par le progrès de leur conception.

Mots-clés : Apprentissage fédéré, optimisation, compression bidirectionnelle, hétérogénéité.
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Notations

:= Defined as

1 Indicator/characteristic function

R,N,N∗, Sets of real, natural number, and natural without zero

Rd Set of d-dimensional real-valued vectors

⟨x, y⟩ Inner product of vectors x, y ∈ Rd

x⊗ y Kronecker product of vectors x, y ∈ Rd

x⊙ y Element-wise product of vectors x, y ∈ Rd

x ∧ y Minimum of x and y in Rd

∥x∥ Euclidean norm of vector x ∈ Rd

xK−1 :=
∑K−1

k=0 xk/K Average of any sequence of vector (xk)k∈{0,...,K−1}

ei Vector in Rd with zero everywhere except at coordinate i

Rn×d Set of real matrices of size n× d

Sd(R) Set of real symmetric matrices of size d× d

S+d (R),S++
d (R) Set of real symmetric positive (semi)-definite matrices of size d× d

Od(R) Group of orthogonal matrices

Id Identity matrix of size d× d

A⊤ Transpose of matrix A

A† := A⊤(AA⊤)−1 Moore–Penrose pseudo-inverse of A in Rd×n s.t. AA⊤ inversible

Tr (A) Trace of matrix A

eig(A) Set of eigenvalues of matrix A

∥A∥2 := Tr
(
A⊤A

)
Frobenius norm for matrix A in Rn×d

|||A||| :=
√
max eig(A⊤A) Operator norm for matrix A in Rn×d

A ≼ B B −A positive semi-definite (p.s.d.)

A1/2 The p.s.d. square root of any symmetric p.s.d. matrix A

Jr The d× d diagonal matrix whose r first diagonal elements are equal
to one and all other matrix’s coefficients equal to zero

B(Rn) Borel set of Rn

P(A) Probability of an event A

E[X] Expectation of a random variable X

V[X] Variance of a random variable X
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X ∼ P Random variable X has distribution P

Unif(X ) Uniform distribution on set X

Bern(p) Bernouilli distribution with parameter p

N (µ,Σ) Gaussian distribution with mean µ and covariance matrix Σ

Pk({1, . . . , n}) Set of all subset of {1, . . . , n} with k elements

Lp(Ω,A,P) Set of random vectors defined on the probability space (Ω,A,P)
such that E[∥X∥p] <∞

C p(Rd) Set of p times continuously differentiable functions from Rd into R

∇F Gradient function of F : Rd → R

∇2F Hessian matrix of F : Rd → R

Cup, Cdwn Uplink and downlink compressors

w∗ Optimal model minimizing F (if there exists at least one)

wk, w
i
k Model held by the central server (resp. local client i in {1, . . . , N})

at iteration k in N



Thesis outline

This summary assumes that the reader knows about optimization, federated learning and compression
mechanisms. The reader may choose to read the introduction (Chapter 1) first, and then come back
to this summary.

Chapter 1. The opening Chapter of this thesis provides an overview of the key areas that are
necessary for the understanding of the subsequent chapters. Firstly, we introduce the general setting
of statistical learning, including its historical development, mathematical formulation, and examples
of real-life use cases. We then delve into convex optimization, which is the cornerstone of the
theoretical findings presented in this thesis. We furthermore present the case of federated learning,
which is the main motivation of this thesis, and more particularly the bidirectional compression
setting which is the focus of Chapters 2 and 3. Next, we motivate our choice to analyze bidirectional
compression, highlighting its relevance in federated learning. As a conclusion of this introductive
Chapter, we provide a mathematical summary of the three Chapters of this manuscript and shed
light on the key messages of this thesis.

Chapter 2. In this Chapter, we focus on the intertwined effect of compression and client (statistical)
heterogeneity. We introduce a framework – Artemis – to tackle the problem of learning in a distributed
or federated setting with communication constraints. Several clients perform the optimization
process using a central server to aggregate their computations. To alleviate the communication
cost, Artemis allows to compress the information sent in both directions (from the clients to the
server and conversely) combined with a memory mechanism. It improves on existing algorithms
that only consider unidirectional compression (to the server), or use very strong assumptions on
the compression operator. We provide fast rates of convergence (linear up to a threshold) under
weak assumptions on the stochastic gradients (noise’s variance bounded only at optimal point) in
non-i.i.d. setting, highlight the impact of memory for unidirectional and bidirectional compression,
and analyze Polyak-Ruppert averaging. We use convergence in distribution to obtain a lower bound of
the asymptotic variance that highlights the practical limits of compression. We provide experimental
results to demonstrate the validity of our analysis.

Chapter 3. In this Chapter, we move the focus toward feedback loops to reduce the impact
of compression. We develop a new approach to tackle communication constraints in distributed
learning problems with a central server. We propose and analyze an algorithm that performs
bidirectional compression and achieves asymptotically the same convergence rate as algorithms using
only uplink (from the local clients to the central server) compression. This algorithm, MCM, is such

1



Thesis outline 2

that the downlink compression only impacts local models, while the global model is preserved. As a
result, and contrary to previous works, the gradients on local servers are computed on perturbed
models. Consequently, convergence proofs are more challenging and require a precise control of this
perturbation. To ensure it, MCM additionally combines model compression with a memory mechanism.
This analysis opens new doors, e.g. incorporating worker dependent randomized-models and partial
participation.

Chapter 4. In this Chapter, we go beyond the classical worst-case assumption on the variance of
compressors and provide a fine-grained analysis of the impact of compression within the fundamental
learning framework of least-squares regression (LSR). Within this setting, we underline differences
in terms of convergence rates between several unbiased compression operators, that all satisfy the
same condition on their variance, thus going beyond the classical worst-case analysis. To do so, we
analyze a general stochastic approximation algorithm for minimizing quadratic functions relying
on a random field. We consider weak assumptions on the random field, tailored to the analysis
(specifically, expected Hölder regularity), and on the noise covariance, enabling the analysis of various
randomizing mechanisms, including compression. We then extend our results to the case of federated
learning.

More formally, we highlight the impact on the convergence of the covariance Cania of the
additive noise induced by the algorithm. We demonstrate that despite the non-regularity of the
stochastic field, the limit variance term depends on Tr

(
CaniaH

−1
F

)
/K (where HF is the Hessian of

the optimization problem and K the number of iterations) as opposed to the vanilla LSR case where
it is σ2Tr

(
HFH

−1
F

)
/K = σ2d/K [Bach and Moulines, 2013]. Then, we analyze the dependency of

Cania on the compression strategy and ultimately its impact on convergence.

Chapter 5. This Chapter concludes the thesis by summarizing our contributions and describing
possible extensions.

Publications and preprints related to this manuscript are listed below:

1. Chapitre 2 is based on Bidirectional compression in heterogeneous settings for distributed or
federated learning with partial participation: tight convergence guarantees [Philippenko and
Dieuleveut, 2020].

2. Chapitre 3 is based on our work Preserved central model for faster bidirectional compression
in distributed settings [Philippenko and Dieuleveut, 2021] published at Neurips 2021.

3. Chapitre 4 is based on our work Convergence rates for distributed, compressed and averaged
least-squares regression: application to federated learning [Philippenko and Dieuleveut, 2023]
submitted at JMLR.

In this thesis, I did not include my contribution to [du Terrail et al., 2022], published at Neurips
2022. This project was a collaborative effort involving researchers from various worldwide institutions.
The aim was to establish a benchmark for cross-silo federated learning with natural partitioning.
The resulting benchmark, called FLamby, is focused on healthcare applications and is available on
this repository. My contribution to the project consisted of two parts. First, I implemented some
classical federated algorithms, and second, I conducted an analysis of the heterogeneity of the Flamby
datasets, which can be found in Appendix M of the corresponding article.

https://github.com/owkin/FLamby


Vue d’ensemble de la thèse

Ce résumé suppose que le lecteur possède une bonne connaissance de l’optimisation, de l’apprentissage
fédéré et des mécanismes de compression. Si nécessaire, le lecteur peut choisir de lire d’abord
l’introduction (Chapitre 1), puis de revenir à ce résumé.

Chapter 1. Le premier Chapitre de cette thèse donne une vue d’ensemble des domaines clés
nécessaires à la compréhension des chapitres subséquents. Tout d’abord, nous présentons le cadre
général de l’apprentissage statistique. Nous y incorporons une courte fresque historique de son
développement, une formulation mathématique du problème et quelques exemples d’applications
réels. Nous nous penchons ensuite sur l’optimisation convexe, qui est la pierre angulaire des résultats
théoriques présentés dans cette thèse. Nous présentons enfin le cas de l’apprentissage fédéré, qui
est la principale motivation de cette thèse, et plus particulièrement le cadre de la compression
bidirectionnelle. Nous motivons dans la section suivante notre choix d’analyser la compression
bidirectionnelle et montrons sa pertinence dans le contexte de l’apprentissage fédéré. En conclusion
de ce Chapitre introductif, nous fournissons un résumé mathématique des trois Chapitres de ce
manuscrit et soulignons les messages clés de cette thèse.

Chapter 2. Dans ce Chapitre, nous présentons Artemis, un paradigme permettant d’aborder le
problème de l’apprentissage distribué ou fédéré avec des contraintes de communication. Plusieurs
clients effectuent un processus d’optimisation et communiquent avec un serveur central qui agrége
le résultat de leurs calculs. Pour réduire les coûts de communication, Artemis compresse les
informations envoyées dans les deux sens (des clients vers le serveur central et inversement) en
utilisant un mécanisme de mémoire, améliorant ainsi les algorithmes existants qui prennent en
compte uniquement la compression unidirectionnelle (vers le serveur central), ou bien qui utilisent
des hypothèses fortes sur les opérateurs de compression. Cela nous permet de fournir des taux
de convergence rapides (linéaires jusqu’à un seuil) sous des hypothèses faibles sur les gradients
stochastiques (variance du bruit limitée seulement au point optimal) dans un contexte non i.i.d., et de
mettre en évidence l’impact de la mémoire pour la compression unidirectionnelle et bidirectionnelle,
en outre, nous analysons le scénario où nous utilisons la moyenne de Polyak-Ruppert. Enfin, nous
utilisons la convergence en loi pour obtenir une borne inférieure de la variance asymptotique, ce qui
met en évidence les limites pratiques de la compression. Nous fournissons des résultats expérimentaux
pour démontrer la validité de notre analyse.

Chapter 3. Dans ce Chapitre, nous développons une nouvelle approche pour faire face aux
contraintes de communication dans un problème d’apprentissage distribué utilisant un serveur

3
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central. Nous proposons et analysons un algorithme qui effectue une compression bidirectionnelle
en atteignant asymptotiquement un taux de convergence identique à ceux d’algorithmes utilisant
uniquement la compression ascendante (des clients vers le serveur central). Cet algorithm, MCM, est
tel que la compression de la liaison descendante impacte seulement les modèles locaux, tandis que le
modèle global est lui préservé. Par conséquent, et contrairement aux travaux existants, les gradients
sur les serveurs locaux sont calculés sur des modèles perturbés. Pour cette raison, les preuves de
convergence sont plus difficiles à obtenir et nécessitent un contrôle précis de cette perturbation.
Pour garantir la convergence, MCM ajoute un mécanisme de mémoire lors de l’étape de compression
descendante. Cette analyse ouvre de nouvelles portes, par exemple l’incorporation de modèles
aléatoires qui dépendent des clients, ou le cas de la participation partielle.

Chapter 4. Dans ce Chapitre, nous allons au-delà de l’hypothèse classique du pire cas sur la
variance des compresseurs et fournissons une analyse fine de l’impact de la compression dans le
cadre de la régression des moindres carrés (LSR). Nous soulignons les différences en termes de taux
de convergence entre plusieurs opérateurs de compression sans biais, qui satisfont tous la même
condition sur leur variance, allant ainsi au-delà de l’analyse classique du pire cas. Pour ce faire, nous
donnons une analyse générale d’un problème d’approximation stochastique reposant sur un champ
aléatoire. Nous considérons des hypothèses faibles sur le champ aléatoire (en particulier la régularité
de Hölder en espérance) et sur la covariance du bruit, ce qui permet l’analyse de divers mécanismes
de compression. Nous étendons ensuite nos résultats au cas de l’apprentissage fédéré.

Plus formellement, nous mettons en évidence l’impact sur la convergence de la covariance Cania

du bruit additif induit par l’algorithm stochastique. Nous démontrons, que malgré la non-régularité
du champ stochastique, le terme de variance limite dépend de Tr

(
CaniaH

−1
F

)
/K (où HF est la

Hessienne du problème d’optimisation et K le nombre d’itérations) par opposition au cas LSR
canonique où il dépend de σ2Tr

(
HFH

−1
F

)
/K = σ2d/K [Bach and Moulines, 2013]. Ensuite, nous

mettons en lumière la façon dont la matrice Cania dépend du choix du compresseur et enfin, la façon
dont elle impacte la convergence.

Chapter 5. Ce Chapitre conclut la thèse en résumant nos contributions et en décrivant des
extensions possibles.

Les publications et pré-publications liées à ce manuscrit sont énumérées ci-dessous.

1. Le Chapitre 2 se fonde sur notre travail Bidirectional compression in heterogeneous settings for
distributed or federated learning with partial participation: tight convergence guarantees [Philip-
penko and Dieuleveut, 2020].

2. Le Chapitre 3 est basé sur notre article Preserved central model for faster bidirectional
compression in distributed settings [Philippenko and Dieuleveut, 2021] publié à Neurips 2021.

3. Le Chapitre 4 utilise les résultat de notre travail Convergence rates for distributed, compressed
and averaged least-squares regression: application to federated learning [Philippenko and
Dieuleveut, 2023] soumis à JMLR.

Dans cette thèse, je n’ai pas inclus ma contribution à [du Terrail et al., 2022], publié à Neurips
2022. Ce projet était une collaboration impliquant des chercheurs de diverses institutions venant du
monde entier. L’ojectif était de créer un benchmark pour l’apprentissage fédéré inter-silo avec des
jeux de données naturellement partitionné entre différentes entités. Ce benchmark, appelé FLamby,
est composé de données provenant du domaine de la santé ; il est disponible sur ce dépôt. Ma
contribution au projet a consisté en deux parties : j’ai implémenté quelques algorithmes fédérés
considérés comme classiques, et deuxièmement, j’ai effectué une analyse de l’hétérogénéité des sept
jeus de données inclus dans FLamby qui peut être trouvée dans l’annexe M de l’article correspondant.

https://github.com/owkin/FLamby


1
Introduction

“Luminous beings are we, not this crude matter.”

Yoda to Luke, Episode V: The Empire Strikes Back, George Lucas.

The opening Chapter of this thesis provides an overview of the key areas that are necessary for
the understanding of the subsequent Chapters. Firstly, we introduce the general setting of statistical
learning, including its historical development, mathematical formulation, and examples of real-life
use cases. We then delve into convex optimization, which is the cornerstone of the theoretical
findings presented in this thesis. We furthermore present the case of federated learning, which is the
main motivation of this thesis, and more particularly the bidirectional compression setting which is
the focus of Chapters 2 and 3. Next, we motivate our choice to analyze bidirectional compression,
highlighting its relevance in federated learning. As a conclusion of this introductive Chapter, we
provide a mathematical summary of the three chapters of this manuscript and shed light on the key
messages of this thesis.
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1.1 Statistical learning

“A computer program is said to learn from experience E with respect to some class of tasks T and
performance measure P, if its performance at tasks in T, as measured by P, improves with

experience E.” [Mitchell, 1997, see p. 2, chapter 1]

1.1.1 Historical overview

Statistical learning is the science of developing and analyzing methods for making predictions or
decisions based on data. Its roots can be traced back to the 19th century, with early pioneers
such as Legendre and Gauss, who introduced independently the method of least-squares regression
[Legendre, 1806, Gauss, 1809], or Laplace, who introduced the concept of conditional probability
[Laplace, 1820].

In the mid-20th century, the field of statistics experienced a surge of interest in machine learning
and artificial intelligence, with the development of methods such as the perceptron algorithm
[McCulloch and Pitts, 1943, Rosenblatt, 1958] and decision trees [Hunt et al., 1966]. However,
progress in statistical learning was hindered by the limitations of computing power and the availability
of large datasets, leading to a “AI winter” in the 1970s and 1980s.

The 1990s saw a resurgence of interest in statistical learning, with the development of new
methods that could handle large datasets and complex models. These methods include support
vector machines [Cortes and Vapnik, 1995], boosting [Freund and Schapire, 1996], random forests
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[Breiman, 2001] and neural networks [LeCun et al., 1998, 1999]. The rise of the internet and the
availability of massive amounts of data then contributed to the growth of statistical learning.

Today, statistical learning is an extremely dynamic field, with applications in many areas,
including climate studies, finance, healthcare, robotics, social media, to name just a few. Researchers
continue to develop methods for analyzing data and making predictions, including deep learning
[LeCun et al., 2015], reinforcement learning [Sutton and Barto, 2018], explainable AI [Ribeiro et al.,
2016] and distributed learning [Konečný et al., 2016, McMahan et al., 2017].

1.1.2 Supervised machine learning

In this thesis, we consider only supervised learning [Duda et al., 1973, Vapnik, 1982, 1999, Hastie
et al., 2009] and formalize the problem as follows. Suppose we have access to a pair (x, y) in (X ×Y),
where X and Y are supposed to be two measurable spaces. The vector x is the explanatory variable
or features, and y is the variable of interest or output. The set Y, which describes the outputs, can
be either quantitative (Y ⊂ R), or categorical (Y is a finite set, typically {−1, 1} if there are two
possible categories). This leads to the two main tasks of supervised learning:

• Regression, when one predicts a quantitative outcome.

• Classification, when one predicts a categorical outcome, e.g., with Y = {−1, 1}.

The aim of supervised machine learning is to find a predictor (a measurable function) f : X → Y
which predicts an output y in Y for any new input x in X . The set of possible predictors is
denoted F(X ,Y).

Quality of the predictor. To measure the quality of a predictor we choose a loss function (or
cost function) ℓ : Y × Y → R, supposed measurable, such that, intuitively, for any (y, y′) in Y2,
ℓ(y, y′) is small if y and y′ are similar, and large otherwise. For the two tasks above, classical loss
functions are:

• for regression, the squared loss ℓ(y, y′) = 1
2(y − y′)2,

• for classification, the logistic loss ℓ(y, y′) = log(1 + exp(−yy′)) (this model is know as logistic
regression) or the hinge loss ℓ(y, y′) = max{0, 1− yy′}.

We then define the risk R of a predictor f in F(X ,Y) as the averaged loss under the distribution D
of the observations:

R(f) := E(x,y)∼D[ℓ(f(x), y)] .

The learning process seeks to find the best predictor f∗ that minimizes the risk R. Such a predictor
is called the Bayes predictor when it exists. In most situations, the quality of a predictor f is in fact
not measured w.r.t. its loss, but rather using the excess risk R(f)−R(f∗). To approximate f∗, the
learning process consists first in choosing an (often parametric) family F ⊂ F(X ,Y) of predictors
and then minimizing the risk over it, hence finding fF = argminf∈F R(f).

Empirical risk minimization. In practice the observations’ distribution D is unknown and we
only have access to a dataset D of cardinal K, composed of pairs (xk, yk)k∈{1,...,K} in (X × Y)K .
This is why we define the empirical risk error (ERM):

RK(f) =
1

K

K∑
k=1

ℓ(f(xk), yk) . (ERM)
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One approach is to minimize it instead of the true risk R, which leads to considering fK :=
argminf∈F RK(f). One of the major pitfalls of such an approach is overfitting : it corresponds to a
scenario where the empirical risk error is very low, but the excess risk is large. In this case, the true
risk is also called generalization error as it measures how accurately the predictor fK trained on a
dataset D is able to predict output values for unseen data.

1.1.3 Risk decomposition

Trade-off between approximation and estimation errors. The starting point of the learning
process is to choose a family F of candidate predictors and to find fK that minimizes the empirical
risk RK . However, first, the optimal predictive function f∗ is unlikely to belong to the family F ,
and secondly, the goal is not to find the predictor fK that minimizes RK , but the predictor fF that
minimizes R over F . This is why, it is useful to decompose the excess risk error as follows [e.g.
Bottou and Bousquet, 2007]:

E = R(fK)−R(f∗) = R(fK)−R(fF )︸ ︷︷ ︸
estimation error

+ R(fF )−R(f∗)︸ ︷︷ ︸
approximation error

.

The approximation error measures how closely functions in F can approximate the optimal solution
f∗; it can be reduced by choosing a larger family of function F . The estimation error measures
the effect of minimizing the empirical risk RK instead of the expected risk R. The estimation error
depends on the number of training examples and on the capacity of the family of functions; to
reduce it, one can increase the number of points or choose a smaller family of functions F . It thus
appears that large families of functions have smaller approximation errors (bias) but lead to higher
estimation errors (variance), therefore leading to the well-known “bias-variance” trade-off.

Optimization error. After having chosen a family F of predictors, the next step of the learning
process consists in approximating fK . Since fK is itself an approximation, there is no need to carry
out a minimization with the highest possible accuracy. Instead, all algorithms run the minimization
for several steps and then return a predictor f̂K . Therefore, an additional term R(f̂K) − R(fK)
appears in the decomposition of the excess risk E ′ = R(f̂K)−R(f∗) [Bottou and Bousquet, 2007]:

E ′ = R(f̂K)−R(f∗) = R(f̂K)−R(fK)︸ ︷︷ ︸
optimization error

+R(fK)−R(fF )︸ ︷︷ ︸
estimation error

+ R(fF )−R(f∗)︸ ︷︷ ︸
approximation error

.

This optimization error reflects the approximation made during the optimization process, when
minimizing the empirical risk. In this thesis, we provide bounds on the optimization error, either
computed using the excess risk Eopt. := R(f̂K)−R(fK), either computed using the empirical excess
risk EKopt. := RK(f̂K)−RK(fK). These bounds guarantee the convergence of our algorithms.

1.1.4 Least-squares regression

One of the simplest models of supervised learning is least-squares regression (LSR). Suppose that we
have a dataset (xk, yk)k∈{1,...,K} in (X ×R)K with K in N∗. We consider the squared loss ℓ : (y, y′) 7→
1
2(y − y′)2, and the parameterized family of functions Fϕ = {fw : z 7→ ⟨ϕ(z), w⟩ with w ∈ Rd} and
ϕ : X → Rd a function transforming the input features. It leads to the following ERM:

argmin
fw∈Fϕ

RK(fw) = argmin
w∈Rd

1

2K

K∑
k=1

(
yk − ϕ(xk)

⊤w
)2

.

Noting y = (y1, . . . , yK)⊤ and Φ in RK×d the matrix of inputs whose k-th row is ϕ(xk)
⊤, we can

rewrite the ERM as argminw∈Rd
1
2K ∥y − Φw∥2.
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(a) Object detection using YoLo V2, tested on James
Bond (Skyfall) [YoloV2, 2023].

(b) Generated with Dall-E: “An old castle on a cloud
in a Miyazaki style” [Dall-E, 2023].

Figure 1.1: Some applications of machine learning.

When Φ has full column rank, there exists a unique closed-form solution to this problem given
by the ordinary least-square (OLS) estimator: ŵ = (Φ⊤Φ)−1Φ⊤y. Geometrically, the vector of
prediction Φŵ = Φ(Φ⊤Φ)−1Φ⊤y is the orthogonal projection of y in RK onto Im(Φ) ⊂ RK .

But in high dimension, this exact approach is computationally too expensive and cannot be
applied. This is why, in practice, LSR is solved using stochastic gradient descent, which is often
referred to as the Least-Mean-Squares (LMS) algorithm [Bershad, 1986, Macchi, 1995].

This framework will be the starting point of Chapter 4. We will consider a model where we have
access to K in N∗ i.i.d. observations (xk, yk)k∈{1,...,K} ∼ D⊗K , such that there exists a well-defined
model w∗ in Rd:

∀k ∈ {1, . . . ,K}, yk = ⟨ϕ(xk), w∗⟩+ εk, with εk ∼ N (0, σ2) , (1.1)

for an i.i.d. sequence
(
(εk)k∈{1,...,K}

)
independent from

(
(xk)k∈{1,...,K}

)
. We assume that the inputs’

second moment is bounded to define E[ϕ(x1)⊗ ϕ(x1)] = H; it is the features’ covariance.

1.1.5 Real-life application of machine learning.

Supervised machine learning has applications in a wide range of domains; we provide a selection of
examples here.

Image recognition. It is one of the most popular applications of supervised learning [Felzenszwalb
et al., 2009, Krizhevsky et al., 2009, LeCun et al., 2010, Girshick, 2015, Simonyan and Zisserman,
2015, Szegedy et al., 2015, Ren et al., 2015, Xiao et al., 2017, Redmon et al., 2016, He et al., 2016,
Szegedy et al., 2016, Redmon and Farhadi, 2017]. From a dataset of labeled images, we train a
neural network to distinguish a picture from another; once trained to recognize particular items,
the model can be deployed in real-life applications. In Figure 1.1a, we give an example of object
detection tested on Jame Bond1 based on version 2 of Yolo [Redmon et al., 2016, Redmon and
Farhadi, 2017], three known labels are being detected: ties, persons, and umbrellas.

Synthethic image generation. In the same vein, a recent line of work has focused on generating
synthetic images [Mirza and Osindero, 2014, Radford et al., 2015, Salimans et al., 2016, Arjovsky
et al., 2017, Karras et al., 2019, Goodfellow et al., 2020]. This field of research has enabled the
creation of high-quality and realistic images that can be used for a wide range of applications,
including art, entertainment, and scientific research. For instance, we provide on Figure 1.1b an
example of an image generated using Dall-E V2 with the prompt: “An old castle on a cloud in a

1Screenshot from [YoloV2, 2023]
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Miyazaki style”. Note that usually these techniques are considered to be unsupervised learning, but
they use a supervised loss as part of the training, hence their mention in this section.

Medicine. Supervised learning has also a major impact in medicine [Gulshan et al., 2016, Ting
et al., 2017, Rajkomar et al., 2019, Esteva et al., 2019, Choi et al., 2016, Shickel et al., 2017, Miotto
et al., 2016, Chen and Asch, 2017], for instance, to improve medical diagnosis, treatment planning,
or patient outcomes. A recent line of research [Sheller et al., 2020, Rieke et al., 2020, Dayan et al.,
2021, Pati et al., 2021, du Terrail et al., 2021, 2022] has additionally considered the case of private
and sensitive datasets that are split across various clients. These clients cannot share their data
but aim to collaborate with others to improve the training. This line of research has unlocked the
ability to take advantage of these previously out-of-reach datasets and doing so, to improve the
development of new clinical research.

Product recommendations. Recommender systems are ones of the most successful and widespread
applications of machine learning technologies [Resnick and Varian, 1997, Huang et al., 2004, Ziegler
et al., 2005, Bell et al., 2007, Koren, 2008, 2009, Zhou et al., 2010, Lü et al., 2012, Covington
et al., 2016, Cheng et al., 2016, Zhang et al., 2019]. Many companies rely on this business model:
Amazon, Google, Meta, Tiktok, Netflix, Criteo, to name just a few. The goal is to increase customer
satisfaction or consumption by analyzing their interests and extrapolating relevant information from
other people’s behavior. Such a framework requires two kinds of recommender models: (1) a global
one minimizing the empirical risk over all clients and (2) a personalized one that is adapted to each
user’s singularity.

Applications based on sensors. A wide variety of supervised tasks use datasets gathered from
sensors: cameras, microphones, accelerometers, thermometers... Considering that sensors are today
deployed at a large scale - for instance, in smartphones, buildings, cars, boats, drones, planes,
satellites - a lot of initiatives have emerged to benefit from these new sources of data. It has led, for
instance, to develop autonomous cars [Kanade et al., 1986, Campbell et al., 2010, Bitam et al., 2015,
Contreras-Castillo et al., 2017, Hussain and Zeadally, 2018, Badue et al., 2021] or smart buildings
[Morvaj et al., 2011, Albino et al., 2015, Ghayvat et al., 2015, Plageras et al., 2018, Brandi et al.,
2020].

All of these examples share two characteristics. First, the data may originate from various
sources, for instance, sensors, cameras, smartphones, hospitals, user accounts ... As a result, the
datasets are inherently heterogeneous, raising significant challenges in developing a general model.
Second, it might not be feasible to collect all the data from all these sources on a single server,
requiring the design of a distributed learning process and leading to a high cost of communication.

In this thesis, we focus on supervised learning problems where the dataset is heterogeneously split
across several clients. Our aim is to address the challenge of reducing the communication cost of
the training while finding a global consensus among these statistically heterogeneous data sources.

Therefore, we present in Section 1.2 the framework of optimization for machine learning which
allows finding a minimizer of the expected/empirical risk error. Then, we introduce the more specific
setting of interest, namely distributed and heterogeneous learning, in Section 1.3.

1.2 Optimization for machine learning

The goal of the learning process is to find a solution to the (ERM) problem, which corresponds to
a minimization problem. In order to solve it, we rely in this thesis on the widely studied gradient
descent (GD) procedure. We denote C p(Rd) the set of p times continuously differentiable functions
from Rd into R.
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1.2.1 Gradient descent

Let F a function from Rd to R. The goal of optimization [see e.g. for introductory lectures, Nesterov,
2004, Boyd et al., 2004, Bubeck, 2015] is to find an optimal point w∗ (not necessarily unique) that
minimizes F :

w∗ = argmin
w∈Rd

F (w) . (1.2)

Solving this problem with an accuracy ε > 0 means finding an approximate solution ŵ after K in
N∗ iteration, such that the error F (ŵ) − F (w∗) is smaller than ε. The relationship between the
number of iterations K is determined by the complexity function T : R 7→ N s.t. K = T (ε); we say
that the optimization error has a worst-case complexity of O(T (ε)). In other words, it represents
the maximum number of iterations K in N∗ to reach a given precision ε. In the next chapters, we
analyze algorithms through the lens of convergence rate analysis, and use the results to get insights
into their practical performance.

In practice, to find the optimal point w∗ minimizing the objective function, we use a method that
is able to collect specific information about F depending on its regularity. The process of collecting
this information is called an oracle. In accordance with the degree of smoothness of F , we can rely
on different types of oracles. Let w in Rd,

1. zeroth-order oracle returns the value F (w);

2. first-order oracle returns the value F (w) and the gradient ∇F (w), if F is differentiable;

3. second-order oracle returns the value F (w), the gradient ∇F (w), and the Hessian ∇2F (w), if
F is twice differentiable.

Exhaustive-search – an example of zeroth-order method. A naive approach to find the
optimal point w∗ by using a zeroth-order oracle is to build a grid over the search-space and then
evaluate the function over each node of the grid. Of course, this approach is extremely costly. For
instance, suppose we want to find the optimum on a grid [0, 1]; to achieve an ε-accuracy, we need
⌊1/ε⌋ evaluations of F , but in dimension d, we need ⌊1/ε⌋d evaluations! Thereby, this method is
never used in practice, except to tune the hyper-parameters.

Gradient descent – an example of first-order method. For F in C 1(Rd), first-order methods
rely on the gradient ∇F and take advantage of the fact that gradients are orthogonal to the level
sets, therefore pointing toward the steepest direction. At each step, the algorithm’s complexity is
thus O(d) (cost of the gradient computation in Rd). These algorithms start from a random point w0

and take repeated steps in the opposite direction of the gradient. Mathematically, its leads to a
sequence (wk)k>0 defined by:

wk = wk−1 − γ∇F (wk−1) , (GD)

with γ > 0 a step-size (also known as learning rate) that controls the update’s magnitude. The
choice of the step-size rate is fundamental and has been one of the most studied questions: taking γ
too small slows down convergence and γ too big leads to divergence.

Newton method – an example of second-order method. For F in C 2(Rd), second-order
methods use the Hessian ∇2F to update the model, thus the complexity of the algorithm is now
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(a) Left convex function, right non-convex function. (b) Corresponding examples of gradient descent.

Figure 1.2: GD with a convex function and a non-convex function.

increased to O(d2) per iteration. Mathematically, the Newton method results to a sequence of model
(wk)k>0 updated as follows:

wk = wk−1 −∇2F (wk−1)
−1∇F (wk−1) ,

The intuition behind the second-order Newton method is to use the 2nd-order Taylor approximation
of the function to approximate it, and at each iteration to minimize this quadratic function.

The difficulty of the optimization process, i.e., of finding the optimal point w∗, depends on
various properties that are verified or not by F . The knowledge of these properties has a key impact
on the choice of the optimization algorithm and on its convergence rate.

• Problem’s dimensionality. An evident difficulty comes from the problem’s dimensionality.
As the dimension d increases, the computational’s complexity of each iteration grows, making
it harder to retrieve the first and second oracles on the function F . In high-dimension, the
prohibitive computational cost of Newton’s method makes it unusable.

• Dataset’s size. In supervised learning, we are optimizing not the expected risk R but the
empirical risk RK , the objective function F is hence defined by the dataset. It follows that
the complexity of evaluating the function, the gradient, or the Hessian is proportional to the
dataset size. This is why the cost of computing the oracle can become prohibitive if the dataset
size increases exponentially. To circumvent this issue, we will consider in Subsection 1.2.3 (and
throughout this thesis) an oracle g that computes an approximation of the gradient ∇F with
a computational cost independent of the dataset size K.

• Regularity of F . The regularity of the objective function F is important in optimization as
it ensures the success of learning and its speed, in particular, the (GD) method and Newton’s
method require respectively that F belongs to C 1(Rd) and C 2(Rd). In contrast, a non-regular
function may have discontinuities, singularities, or oscillations that can cause optimization
algorithms to get stuck or to converge slowly, see Figure 1.2 for illustration (more details
are given below). This is why, regularity is a desirable property for objective functions in
optimization; we provide additional details in Subsection 1.2.2.

1.2.2 Regularity assumption

An important regularity condition to guarantee the convergence of (GD) is the convexity of F .

Assumption 1.1 (Convexity). F is differentiable and convex, that is for all vectors z, z′ in Rd, it
verifies:

F (z′) ≥ F (z) + (z′ − z)T∇F (z) .



Chapter 1. Introduction 13

z0

F (z)

F (z0) +∇F (z0)>(z − z0)

F (z0) +∇F (z0)>(z − z0) + L
2‖z − z0‖2

F (z0) +∇F (z0)>(z − z0) + µ
2‖z − z0‖2

Figure 1.3: Illustration of the quadratic upper bound and lower bound provided respectively by
L-smoothness (in red) and µ-strong-convexity (in orange) at a point z0 for a function F .

The main reason why convex functions are attractive in optimization is that every stationary
point is also a global minimum. This property ensures that the optimization process does not become
trapped in a local optima or saddle point. Note first that it does not guarantee the existence of a
global minimum (take for instance F : z 7→ z) and secondly, that the existence of a global minimum
does not ensure its uniqueness.

On Figure 1.2a we give two examples of functions: on the left F1 : x, y 7→ x2 + y2 is convex, on
the right F2 : x, y 7→ (1− sin(x))2 + cos(y) is not. Then on Figure 1.2b we run for each function a
gradient descent procedure using γ = 0.1. Observe that for F1, the gradient procedure converges
quickly to the optimal point while for F2 the gradient descent is stuck into a saddle point, illustrating
the difficulty of finding a local minimum in this setting.

A stronger assumption on convexity is to assume that the function is strongly-convex, which
in turn, guarantees the unicity of the optimal point w∗. Geometrically, strong-convexity can be
interpreted as the possibility to lower bound F at any point with a quadratic function (see Figure 1.3).

Assumption 1.2 (Strong convexity). F is differentiable and µ-strongly convex (with µ ≥ 0), that is
for all vectors z, z′ in Rd:

F (z′) ≥ F (z) + (z′ − z)T∇F (z) +
µ

2
∥z′ − z∥22 .

Note that we recover the convex case if µ = 0.

Additionally, a classical desirable property of F is its L-smoothness which corresponds considering
that F can be upper-bounded at any point by a quadratic function (see Figure 1.3).

Assumption 1.3 (Smoothness). F is in C 1(Rd) and is L-smooth (with L ≥ 0), that is for all
vectors z, z′ in Rd:

∥∇F (z)−∇F (z′)∥ ≤ L∥z − z′∥ .

Condition number κ. Two quantities are then of particular importance when minimizing F : the
strongly-convexity constant µ and the smoothness constant L. These two coefficients directly impact
the speed of convergence of algorithms based on gradient descent. This is why, under Assumptions 1.2
and 1.3, we define the condition number κ = L/µ: the bigger κ, the slower the convergence towards
the optimal point. Note also that if F is in C 2(Rd), smoothness and strong-convexity are equivalent
to having for any point z in Rd: µId ≼ ∇2F (z) ≼ LId.
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These assumptions enable to give two theorems of convergence for (GD) in the smooth convex
setting, and in the smooth strongly-convex setting.

Theorem 1.1 (Theorem 2.1.15 from Nesterov [2004]). Consider Assumptions 1.2 and 1.3, the
sequence of iterates (wk)k>0 produced by (GD) initialized at w0 in Rd and using a step-size γ = 1/L
verifies for any K in N:

F (wK)− F (w∗) ≤ (1− κ−1)K (F (w0)− F (w∗)) .

Taking γ = 2/(µ+ L) leads to a slightly more powerful result:

F (wK)− F (w∗) ≤
(
1− 2(κ+ 1)−1

)2K L ∥w0 − w∗∥2
2

.

This theorem states that the sequence (wk)k>0 converges at an exponential rate to the optimal
point w∗, we say that the convergence of (GD) is linear. And in the smooth convex setting, we
obtain the following.

Theorem 1.2 (Corollary 2.1.2 from Nesterov [2004]). Consider Assumptions 1.1 and 1.3, the
sequence of iterates (wk)k>0 produced by (GD) initialized at w0 in Rd and using a step-size γ = 1/L
verifies for any K in N:

F (wK)− F (w∗) ≤
2L∥w0 − w∗∥2

K + 4
.

These two theorems show that the choice γ = 1/L is very powerful as a unique algorithm is
adapted to both convex and strongly-convex functions, although the convergence is faster in the
latter case. Hence, this step-size does not require the knowledge of µ which can be arbitrarily small,
as opposed to γ = 2/(µ+L). Moreover, in the latter case, if µ tends to zero, the algorithm does not
converge, since κ tends to infinity.

1.2.3 Stochastic gradient descent

As mentioned earlier, one of the major difficulties of machine learning comes from the fact that the
dataset size can be extremely large, making it impossible to evaluate the function F . Stochastic
gradient descent (SGD) introduced by Robbins and Monro [1951], solves this issue and has become
one of the most popular tools of machine learning because of its practical efficiency and its theoretical
performance. In this manuscript, we focus on stochastic methods and we consider that at any
iteration k in N∗, we have access to an oracle gk that evaluates an unbiased approximation of the
true gradient ∇F (that is gk is a random field), hence updating (GD) as following:

wk = wk−1 − γgk(wk−1) . (SGD)

In addition to the condition number κ, two quantities dictate the behavior of SGD: the initial
distance (bias) ∥w0 − w∗∥2 and the variance σ2 associated with the stochastic gradient, it leads to
a “bias/variance decomposition” [see Hsu et al., 2012, Bach and Moulines, 2013]. Therefore, we
consider the following assumption on the stochastic gradients.

Assumption 1.4 (Noise over stochastic gradients computation). The noise over stochastic gradients
is zero-centered and its variance is uniformly bounded by a constant σ ∈ R+, such that for all k in N,
for all z in Rd we have: E[∥gk(z)−∇F (z)∥2] ≤ σ2.

Using these stochastic oracles (gk)k∈N∗ of the true gradient ∇F leads to the below upper bound.
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Theorem 1.3. Consider Assumptions 1.2 to 1.4, the sequence of iterates (wk)k>0 produced by (SGD)
initialized at w0 in Rd and using a step-size γ in R∗

+ verifies for any K in N:

∥wK − w∗∥2 ≤ (1− γµ)K∥w0 − w∗∥2 +
γσ2

µ
.

We illustrate Theorems 1.1 and 1.3 on Figure 1.4: on the left we represent the iterates (wk)k∈N∗

obtained after some iterations and on the right the logarithm excess loss. The objective function
F is quadratic and the dataset is generated using Equation (1.1) with w∗ = (0, 0.6)⊤, σ2 = 1 and
H =

(
1 1
1 10

)
. We run GD with the two step-sizes proposed in Theorem 1.1: both converge linearly

to the optimal point, but we observe the superiority of choosing γ = 2
µ+L in the convex scenario.

On the contrary, SGD with constant step-size first converges linearly, and then saturates at a level
depending on σ2. This is due to the oscillations of the iterates around the optimal point.

However, Assumption 1.4 is in fact very restrictive and is not verified even by the simple setting
of LSR (presented in Subsection 1.1.4). This is why we sometimes instead only assume that the
variance is bounded by a constant σ2

∗ at the optimal point w∗ (hence requiring its existence which
excludes non-convex setting). In Chapter 2, following the work of Gower et al. [2019], Dieuleveut
et al. [2020], Assumption 1.5 will result in a linear convergence rate up to a threshold proportional
to σ2

∗.

Assumption 1.5 (Noise over stochastic gradients computation at optimal points). The noise over
stochastic gradients at the global optimal point is zero-centered and its variance is bounded by a
constant σ∗ ∈ R+, such that for all k in N, we have: E[∥gk(w∗)−∇F (w∗)∥2] ≤ σ2

∗.

But then instead of assuming the smoothness of F , we will assume the cocoercivity [see Zhu and
Marcotte, 1996, for more details about this hypothesis] of gradients, which implies the smoothness.

Assumption 1.6 (Cocoercivity of stochastic gradients (in quadratic mean)). We suppose that for all
k in N, stochastic gradient functions gk are L-cocoercive (with L ≥ 0) in quadratic mean. That is, for
k in N, and for all vectors z, z′ in Rd, we have E[∥gk(z)− gk(z′)∥2] ≤ L ⟨∇F (z)−∇F (z′), z − z′⟩.

Using Assumptions 1.5 and 1.6 enables to recover the same results as Theorem 1.3 but with σ2

replaced by σ2
∗ [Gower et al., 2019].

Note that various methods have been proposed to reduce the variance induced by the stochastic
gradient: Polyak-Ruppert averaging [Polyak and Juditsky, 1992], mini-batch or tail-averaging (see
for instance [Jain et al., 2018b, Muecke et al., 2019]), variance-reduction methods [Johnson and
Zhang, 2013, Schmidt and Roux, 2013, Defazio et al., 2014]. In particular, in Chapters 2 to 4, we
provide theorems on the Polyak-Ruppert iterate wK−1 = 1

K

∑K−1
k=0 wk. This iterate can be computed

online, since for any K in N∗, we have:

w̄K =
1

K + 1
wK +

K

K + 1
w̄K−1 .
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(a) Topology of federated learning.
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(b) Decentralized topology, e.g. clients are on a grid.

Figure 1.5: Example of two topologies in distributed learning.

In this thesis, we design algorithms that are based on stochastic gradient descent. We provide
theoretical analysis in strong-convex, convex, and non-convex scenarios and give theorems

guaranteeing the convergence of the proposed algorithms.

We next introduce the setting of federated learning which is the main motivation of this thesis
and present the challenge of reducing the cost of communication.

1.3 Federated learning

Federated learning (FL) is a machine learning setting where many clients (e.g. mobile devices or
whole organizations) collaboratively train a model under the orchestration of a central server (e.g.

service provider), while keeping the training data decentralized. [Kairouz et al., 2019, see p.4]

1.3.1 Framework

In Sections 1.1 and 1.2, we supposed that the learning process has permanent access to a dataset D
and that at any moment, it can access any of its points. However, nowadays problems are often not
valid for such an assumption, considering that in most situations data are generated from various
sources (see examples given Subsection 1.1.5). In this setting, it is not always possible to centralize
the data coming from these different sources on a single server and to exploit them. This can happen
for various reasons.

• The datasets are too large to be stored on a single server.

• The cost/time of data communication is too high to send all at once.

• The datasets are private or sensitive and can not leave their source.

• The data is obtained in a streaming fashion and hence is constantly changing.

This is why a new approach has been developed in the last years and considers a distributed
setting instead. In such a setting, the data is kept on its origin server. We call client (or worker) a
server holding a dataset and participating in the training. Then, either a central server is put in
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place to orchestrate the training, this is federated learning (FL), either clients communicate in a
peers-to-peers fashion, this is decentralized learning. On Figure 1.5 we plot two possible topologies
of distributed learning. On Figure 1.5a we present a federated network with a central server, and on
Figure 1.5b we present an example of topology without a central server where clients are placed on
a grid and can communicate only with their neighborhoods.

In this thesis, we consider the FL setting [Konečný et al., 2016, McMahan et al., 2017, Kairouz
et al., 2019], where N clients communicate with a central server that aggregates all updates and
then broadcasts back a message to all clients. Formally, we have a number of features d ∈ N∗, and a
convex cost function F : Rd → R. We want to solve the following distributed convex optimization
problem using stochastic gradient algorithms [Robbins and Monro, 1951, Bottou, 2010]:

min
w∈Rd

F (w) with F (w) =
1

N

N∑
i=1

Fi(w) ,

where (Fi)i∈{1,...,N} are the local objective functions on client i in {1, . . . , N} (they could be either
the local empirical risk or the local expected risk).

The starting point of the algorithms presented in this thesis is Distributed SGD where at each
iteration k ∈ N∗ and for each client i in {1, . . . , N}, a local gradient gik+1 is computed using a single
batch and then sent to the central server which aggregates the information from all clients before
updating the model. It results in the below update equation:

wk+1 = wk − γ
1

N

N∑
i=1

gik+1(wk) . (Dist. SGD)

Algorithm 1: Federated Averaging
(FedAvg)

Input: Initial model w0, number of
communication rounds K, local
epochs E, learning rate γ, batch
size b, and the proportion p of
active workers at each round.

Output: Global model wK

for k = 1, 2, ...,K do
Sk ← (random set of ⌊pN⌋ clients)
for each client i in Sk do
Bi ← (split dataset Di in batch of
size b)
wi = wk−1

for each local epoch e = 1, 2, ..., E
do

for each batch B in Bi do
wi = wi − γgiB(w

i)

wi
k = wi

wk = 1
N

∑N
i=1 niw

i
k

In this distributed setting, the main chal-
lenge is the communication cost which has been
identified as an important bottleneck [e.g. Strom,
2015, Kairouz et al., 2019]. Firstly, exchanging
information can slow down the whole training
process. Secondly, sharing high volumes of data
can be problematic for the users in terms of band-
width usage (for instance ResNet-50 proposed
in He et al. [2016] has over 23 million param-
eters, and VGG16 designed by Simonyan and
Zisserman [2015] has 138 million). Thirdly, the
energy cost of the communication process is also
significant and should be considered alongside
other classical constraints in machine learning,
as seen in studies such as Henderson et al. [2020]
or Anthony et al. [2020]. Three approaches can
be used to reduce the cost: (1) increase the num-
ber of local updates, (2) reduce the frequency
of communication between the clients and the
central server or (3) compress the information
exchanged from the clients to the central server
and conversely.

1. Local updates. Local update algorithms involve performing multiple updates on each client
before transmitting the final update to the central server; the server then applies these updates to
its global state, and the process is repeated [McMahan et al., 2017, Karimireddy et al., 2020, 2021,
Ghadikolaei et al., 2021, Koloskova et al., 2020, Lin et al., 2018, Stich, 2019, Malinovskiy et al., 2020,
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Gao et al., 2021]. One of the most influential algorithms is FedAvg proposed by McMahan et al.
[2017], we give its pseudo-code in Algorithm 1 because of its founding role. It selects at each round
k in N∗ a random subset Sk ⊂ {1, . . . , N} of ⌊pN⌋ clients with p in ]0; 1]; each client i in Sk run E
in N∗ iterations of gradient descent by splitting their dataset Di in a set Bi of batches of size b in
N∗. We note giB the stochastic gradient computed on client i in {1, . . . , N} when using the batch B
in Bi.

2. Partial participation (PP). In federated optimization, it is classical to consider that at each
round, all participants are not used for the training [e.g. Zhao and Zhang, 2015, Csiba and Richtárik,
2018, Mishchenko et al., 2018, Chen et al., 2020, Yang et al., 2021, Wang et al., 2022, Luo et al.,
2022, Wang and Xu, 2022, Jhunjhunwala et al., 2022, Eichner et al., 2019, Fraboni et al., 2021a,
2022, Yang et al., 2021, Rodio et al., 2023]. For instance, it is common to consider mobile devices to
be ready to participate only when idle, charging and connected to a fast network, leading a client to
be regularly switched on/off during the training process. This setting results in new constraints;
for instance how to synchronize the training, how to design efficient sampling strategies, how to
guarantee convergence to a global optimum ...

3. Compression. Compression is a critical aspect of distributed learning, as it addresses the three
issues mentioned above that hinder the practical implementation of distributed learning. Therefore,
compression for distributed learning is an important subject of research. It has led to a significant
effort of the community to design the best algorithms, either by compressing only the uplink channel
[Seide et al., 2014, Alistarh et al., 2018, Khirirat et al., 2018, Karimireddy et al., 2019, Wu et al.,
2018, Chraibi et al., 2019, Mishchenko et al., 2019, Horvath et al., 2022, Reisizadeh et al., 2020,
Gorbunov et al., 2020a, Li et al., 2020b, Haddadpour et al., 2021, Richtarik et al., 2021, Kovalev
et al., 2021, Li and Richtárik, 2021], either both uplink and downlink channels [Tang et al., 2019,
Liu et al., 2020, Zheng et al., 2019, Philippenko and Dieuleveut, 2020, 2021, Gorbunov et al., 2020b,
Sattler et al., 2019, Horvath et al., 2022, Fatkhullin et al., 2021].

In this thesis, we have considered the last solution, and in particular, we have designed two
algorithms doing bidirectional compression. Note that the scenario of partial participation is naturally
covered by our analysis by being considered as a particular case of compression where is sent either
the complete gradient, either 0. We give more details about compression and review related work in
the next Subsection 1.3.2.

1.3.2 Compression

We consider a compressor C : Rd → Rd as a random function that verify the below assumption:

Assumption 1.7 (Compression). There exists a constant ω ∈ R∗
+, such that the random operator C

satisfies for all z in Rd the following two properties:

E[C(z)] = z and E[∥C(z)− z∥2] ≤ ω∥z∥2 .

In other words, the compression is unbiased and its variance is relatively bounded by a constant ω.
Another common assumption, that is not considered in this thesis is that the compressor is contractive,
i.e. for any z in Rd, ∥C(z)− z∥2 < (1− δ)∥z∥2 with δ ∈]0; 1[ [almost surely or in expectation, see
for instance Seide et al., 2014, Stich et al., 2018, Karimireddy et al., 2019, Ivkin et al., 2019,
Koloskova et al., 2019, Gorbunov et al., 2020b, Beznosikov et al., 2020, Richtárik et al., 2022]. We
use unbiased operators because they allow reducing by a factor N the variance, while the bias is
kept independent of N : suppose we have N clients compressing independently the same vector
z in R using compressors (Ci)Ni=1 that verify Assumption 1.7, then 1

N

∑N
i=1 Ci(z) also verifies this

assumption but with a constant ω/N .
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In the following, we define several unbiased compression operators that verify Assumption 1.7.
These operators are classical in the literature and will be considered throughout this thesis.

Definition 1.1 (Compression operators). Let z in Rd.

1. 1-quantization is defined as Cq(z) = ∥z∥sign(z)⊙ χ ∈ Rd with χ ∼ (Bern(|z|/∥z∥2))di=1 .

2. Rand-h is defined as Crdh(z) := d
hB(S)⊙ z with S ∼ Unif(Ph({1, . . . , d})) and B(S)i = 1i∈S.

3. Sparsification is defined as Cs(z) = 1
pB ⊙ z ∈ Rd with B ∼ (Bern(p))di=1 .

4. Partial participation can also be seen as a technique of compression as it reduces the cost of
communication. We define CPP(z) = 1

pbz with b ∼ Bern(p).

5. Sketching, also known as Random Projection, is defined as CΦ(z) = 1
pΦ

†Φz, where h≪ d in
N, p = h/d and Φ ∈ Rh×d is a random projection matrix into a lower-dimension space.

While we consider only unidirectional compression (from clients to central server) in Chapter 4,
we focus on bidirectional compression in Chapters 2 and 3. It consists in compressing communications
in both directions between the central server and remote devices. We use two different compression
operators, respectively Cup and Cdwn, to compress the message in each direction. In its simplest form,
Equation (Dist. SGD) becomes:

wk+1 = wk − γCdwn

(
1

N

N∑
i=1

Cup(gik+1(wk))

)
. (1.3)

From an abstract standpoint, we can introduce three quantities: (1) gik := gik+1(wk) the gradient
computed at iteration k in N∗ on client i in {1, . . . , N}, (2) ĝik the effective gradient shared by
the client i to the central server, and (3) Ĝk the effective gradient used to update the model wk.
In the context of bidirectional compression defined in Equation (1.3), we have: ĝik = Cup(gik) and
Ĝk = Cdwn(

1
N

∑N
i=1 Cup(gik)).

One of the main challenges of compression is to attenuate its inherent error that might lead
the training process to diverge. For this purpose, two mechanisms have been introduced: (1)
error-feedback (EF) by Seide et al. [2014], and (2) memory by Mishchenko et al. [2019]. We briefly
describe hereafter how these choices affect ĝik and Ĝk.

Error-feedback. Error-feedback (or error-compensation) is a mechanism that accumulates errors
of compression and corrects the gradient computation at each step. This approach was applied
mainly to biased operators of compression (which excludes the compressors considered in this thesis)
and has been successfully used in various works, for instance in [Seide et al., 2014, Stich et al., 2018,
Zheng et al., 2019, Karimireddy et al., 2019, Tang et al., 2019, Zheng et al., 2019, Beznosikov et al.,
2020, Liu et al., 2020, Stich and Karimireddy, 2020, Gorbunov et al., 2020b, Qian et al., 2021]. In
the setting of unidirectional compression, it is mathematically described as:{

ĝik = Cup(γgik + eik)/γ
eik+1 = eik + γ(gik − ĝik) .

In the context of double compression, it has been shown to improve convergence for a restrictive
class of contracting compression operators (which are generally biased) by Zheng et al. [2019], Tang
et al. [2019]. But for unbiased operators, it did not lead to any theoretical improvement [see Remark
2 in Sec. 4.1., Liu et al., 2020].

Memory. Memory has been introduced in Diana by [Mishchenko et al., 2019] for unbiased
compressors. It consists in compressing the difference between the gradients and a local memory
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term, making the compression error tends to zero, and thus improving the convergence. In the
setting of unidirectional compression, it corresponds mathematically to having:{

ĝik = Cup(gik − hik−1) + hik−1

hik = hik−1 + αCup(gik − hik−1) ,

where α is the memory’s learning rate. It corresponds to a client-wise control-variate, as already
used by Schmidt et al. [2017] for variance-reduction.

This approach has later been analyzed in many papers. Horváth et al. [2022], Condat and
Richtarik [2022] have added a variance-reduction approach. It has been combined with acceleration
in the strongly-convex regime by Li et al. [2020b] and in the non-strongly-convex setting by Li and
Richtárik [2021]. Gorbunov et al. [2021] has used it to develop Marina an algorithm using a biased
stochastic estimator of the gradient in a non-convex setting. Memory and EF have been combined
together in the unidirectional case by Gorbunov et al. [2020b], and for bidirectional compression by
Liu et al. [2020]. Still in the bidirectional setting, Safaryan et al. [2021] has developed an algorithm
based on Newton method to compress the Hessian shift. Zhao et al. [2021] have used successfully
memory to reduce client-variance in the case of partial participation. Li et al. [2022b] has used
memory to design an algorithm that applies compression directly to differentially-private stochastic
gradients. The memory mechanism has also been applied for α = 1 to biased compressors by
Richtarik et al. [2021], Fatkhullin et al. [2021], Gruntkowska et al. [2022]. Memory-like ideas have
also been used beyond ERM, for instance for Langevin Stochastic Dynamics by Vono et al. [2022],
or for Expectation-Maximization algorithms by Dieuleveut et al. [2021].

Memory versus EF. Memory and EF are motivated by two different goals. EF is doing a
retro-compensation of the past errors of compression accumulated over iterations in order to remove
them, and thus (ek)k∈N tends to zero. Therefore, the quantity that is compressed corresponds
to a compensated gradient. Memory (aka “control-variate”) is put in place to compensate the
clients’ heterogeneity by learning the specificity of each client, thus all memories (hik)

N
i=1 tends to

(∇Fi(w∗))Ni=1. Therefore, the quantity that is compressed with this mechanism corresponds to the
innovation of the new iteration. In other words, EF leads to a “feedback loop” providing information
from the past that helps to correct the drift induced by the error of compression, while on the other
hand, memory reduces the variance induced by the statistical heterogeneity of clients; this last point
being shown in Chapter 2.

The setting of clients’ statical heterogeneity setting is introduced in the following Subsection 1.3.3.

1.3.3 Client statistical heterogeneity

The natural setting of federated learning [see e.g. Kairouz et al., 2019] is the case of statistical
heterogeneous2 clients, i.e., each client i in {1, · · · , N} holds its own data distribution Di potentially
different from the others. Below, we use the following assumption to quantify the heterogeneity of
clients in the network; this assumption is considered in Chapter 2 for the convex setting.

Assumption 1.8 (Bounded gradient at w∗). There exists an optimal parameter w∗ minimizing F
(not necessarily unique) and a constant B ∈ R+, such that

1

N

N∑
i=1

∥∇Fi(w∗)∥2 = B2 .

2Note that it can be found in the literature that clients are said heterogeneous when they face variability in
hardware (CPU, memory) and power (battery level). In this thesis are considered only statistical heterogeneity and
not a system heterogeneity.
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Figure 1.6: Illustration of heterogeneity on
three clients, the objective functions are
quadratic. We represent the optimal points,
the level set, and the opposite gradient at the
optimal point.

In fact, this is merely an assumption, but rather
a definition of the constant B. In the streaming
i.i.d. setting – D1 = · · · = DN and F1 = · · · = FN –
the assumption is satisfied with B = 0. On Figure 1.6,
we illustrate an example of three heterogeneous clients
with a local objective function of the form Fi : w ∈
R2 7→ (w − wi

∗)
⊤HF (w − wi

∗) + Fi(w
i
∗), i.e. with the

same Hessian HF but with different optimal points
(wi

∗)i∈{1,...,3}. In green, we represent the level sets of
the global objective function and its optimal point
w∗. The gradient of F1, F2, F3 evaluated at w∗ are
not null.

In this scenario, as analyzed by Li et al. [2019b],
the simple FedAvg algorithm works very poorly and
results to a model whose performance may vary signif-
icantly across the clients. Therefore, a lot of studies
are investigating this problem in order to find efficient
ways to handle it. To tackle this challenge, two strate-
gies can be considered: (1) finding a global consensus
between clients [Smith et al., 2017, Li et al., 2019a,
Karimireddy et al., 2019, Hsu et al., 2019, Li et al.,
2022a, Marfoq et al., 2022, Pillutla et al., 2022a,b,
Laguel et al., 2020, 2021, du Terrail et al., 2022, Caldas et al., 2019, Li et al., 2020a, Mitra et al.,
2021, Collins et al., 2021, Li et al., 2021, Mansour et al., 2020, Zhang et al., 2021] or (2) personalizing
the model for each client [Deng et al., 2020, Grimberg et al., 2020, Beaussart et al., 2021, Even et al.,
2022, Fallah et al., 2020, Li et al., 2021].

In this thesis, we focus on the first strategy and aim to design effective algorithms tackling the
clients’ heterogeneity. The challenge under this setting is to make the algorithm converge with the
best possible limit variance.

The goal of this thesis is to focus simultaneously on two challenges of federated learning: reducing
the cost of communication in a heterogeneous setting by doing bidirectional compression.

Next, in Section 1.4, we motivate our choice to analyze bidirectional compression rather than
simply unidirectional. Many research papers assume that downlink speed is higher than uplink,
therefore resulting in a lower communication cost that can be neglected. However, we show that this
is not the case in practice and we highlight scenarios where downlink speed should not be ignored.

1.4 Motivation of using bidirectional compression

There are several reasons to consider downlink compression, and not simply compressing the uplink
signal. First, the difference between upload and download speeds is not significant enough to ignore
the impact of the downlink direction (see Subsection 1.4.1 for an analysis of bandwidth). Moreover,
if we consider for instance a small number N of clients training a very heavy model – the size of
deep learning models generally exceeds hundreds of MB [Dean et al., 2012, Huang et al., 2019] – the
training speed will be limited by the exchange time of the updates, thus using downlink compression
is key to accelerate the process. Secondly, in a different setting in which a network of smartphones
collaborate to train a large-scale model in a federated framework, participants to the training would
not be eager to download hundreds of MB for each update on their phone. Here again, downlink
compression appears to be necessary.
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In Subsection 1.4.1, we present an analysis of the bandwidth speeds for download/upload on
fixed/mobile broadband relying on a study made in 2020 over the six continents by Index [2020].
Then in Subsection 1.4.2, we show with the concrete example of quantization, how bidirectional
compression helps to reduce the communication cost compared to unidirectional.

1.4.1 Bandwidth speed
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Figure 1.7: Left axis: upload and download speed
for mobile and fixed broadband. Left axis: speeds
(in Mbps), right axis: ratio (green bars). The
dataset is gathered from Speedtest.net , see Index
[2020].
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Figure 1.8: Distribution of the download/upload
speeds ratio by continents.

In a network configuration where download
would be much faster than upload, bidirectional
compression would present no benefit over uni-
directional, as downlink communications would
have a negligible cost. However, this is not the
case in practice: to assess this point, we gathered
broadband speeds, for both download and up-
load communications, for fixed broadband (cable,
T1, DSL ...) or mobile (cellphones, smartphones,
tablets, laptops ...) from studies carried out in
2020 over the 6 continents by Speedtest.net [see
Index, 2020]. Results are provided in Figure 1.7,
comparing download and upload speeds. The
ratios (averaged by continents) between upload
and download speeds stand between 1 (in Asia,
for fixed broadband) and 3.5 (in Europe, for
mobile broadband): there is thus no apparent
reason to simply disregard the downlink com-
munication, and bidirectional compression is un-
avoidable to achieve substantial speedup. More
precisely, if we denote vd and vu the speed of
download and upload (in Mbits per second), we
typically have vd = ρvu, with 1 < ρ < 3.5. Using
quantization with s = 1 (see Definition 1.2), for
unidirectional compression, each iteration takes
O
(

Nd
ρvu

)
seconds, while for a bidirectional one

it takes only O
(
N
√
d log2(d)
vu

)
seconds.

In Figures 1.8, 1.9a and 1.9b, unlike Fig-
ure 1.7, we do not aggregate data by countries
of the same continents. This allows us to analyze the speed ratio between upload and download
with the proper value of each country. Looking at Figures 1.8, 1.9a and 1.9b, it is noticeable that in
the world, the ratio between upload and download speed is between 1 and 5, and not between 1 and
3.5 as Figure 1.7 was suggesting since we were aggregating data by continents. There are only nine
countries in the world having a ratio higher than 5. In Europe: Malta, Belgium, and Montenegro.
In Asia: South Korea. In North America: Canada, Saint Vincent and the Grenadines, Panama, and
Costa Rica. In Africa: Western Sahara. The highest ratio is 7.7 observed in Malta.

1.4.2 Communication cost: an example using the quantization scheme

In the following, we define the s-quantization operator Cs which we use in most of the experiments
in Chapters 2 and 3. After giving its definition, we explain [based on Alistarh et al., 2017] how it
helps to reduce the number of bits to broadcast at each iteration.

Definition 1.2 (s-quantization operator). Given z ∈ Rd, the s-quantization operator Cs is de-
fined by Cs(z) := sign(z) × ∥z∥2 × χ

s . χ ∈ Rd is a random vector with j-th element defined as:

https://www.speedtest.net/global-index
https://www.speedtest.net/global-index
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Figure 1.9: Upload/download speed (in Mbps).

χ :=

{
l + 1 with probability s

|zj |
∥z∥2 − l ,

l otherwise
where the level l is such that s|zj |

∥z∥2
∈ [l, l + 1[.

The s-quantization scheme verifies Assumption 1.7 with ω = min(d/s2,
√
d/s). Proof can be

found in [Alistarh et al., 2017, see Appendix A.1].

Now, for any vector v ∈ Rd, we are in possession of the tuple (∥v∥2, ϕ, χ), where ϕ is the vector
of signs of (vj)dj=1, and χ is the vector of integer values (χj)j=1. To broadcast the quantized value,
we use the Elias encoding Elias [1975]. Using this encoding scheme, it can be shown (Theorem 3.2
of Alistarh et al. [2017]) that:

Proposition 1.1. For any vector v, the number of bits needed to communicate Cs(v) is upper
bounded by: (

3 +

(
3

2
+ o(1)

)
log2

(
2(s2 + d)

s(s+
√
d)

))
s(s+

√
d) + 32 .

With s = 1, it means that we will employ O(
√
d log2 d) bits per iteration instead of 32d, which

reduces by a factor
√
d

log2 d
the number of bits used by iteration. Now, in a FL settings, at each

iteration we have a double communication (device to the main server, main server to the device) for
each of the N clients. It means that at each iteration, we need to communicate 2×N × 32d bits
if compression is not used. Obviously, unidirectional compression can at best result in a factor 2
reduction in term of total number of bits, while for bidirectional compression, we need to broadcast
O(N

√
d log2 d) bits using the Elias encoding [defined in Elias, 1975]. Denoting vd and vu the speed

of download and upload (in bits per second), we typically have vd = ρvu, 3.5 > ρ > 1. Then for
unidirectional compression, each iteration takes O

(
Nd
vd

+ N
√
d log2(d)
vu

)
= O

(
Nd
ρvu

)
seconds, while for

a bidirectional one, it takes only O
(
N
√
d log2(d)
vu

)
seconds.

In other words, unless ρ is really large (which is not the case in practice as stressed by Fig-
ure 1.7), double compression reduces by several orders of magnitude the global time complexity, and
bidirectional compression is superior to unidirectional.

1.5 Summary of the contributions of this thesis

The naive way of doing bidirectional compression has been given in Equation (1.3), it consists in
simply compressing the local gradients, and then compressing their average on the central server

before using it to update the model: wk+1 = wk − γCdwn

(
1
N

∑N
i=1 Cup(gik+1(wk))

)
.

In a such setting – considering that the compressors are random processes whose variance are
constants ωup, ωdwn – it is possible to prove that the variance of SGD iterates is increased by a
factor ωup × ωdwn.
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In the next subsection, we summarize the key contributions of this thesis to address the challenge
of compression, we include the most representative theorems of each chapter. Our results are
validated by numerical experiments and the code is provided on our GitHub repositories:

• see this repository for the implementation of both Artemis and MCM used in Chapters 2 and 3,

• see this repository for the code of Chapter 4.

1.5.1 Contributions of Chapter 2

In Chapter 2, we propose Artemis, a framework that encompasses 6 algorithms (with or without
up/down compression, with or without memory), the update being given for any k N∗ by:

∀i ∈ J1, NK , ∆̂i
k = Cup

(
gik − hik−1

)
, and then hik = hk−1 + α∆̂i

k ,

Ωk = C
dwn

(
1
N
∑N

i=1(∆̂
i
k + hik−1)

)
wk = wk−1 − γΩk .

Constants γ, α ∈ R∗ × R+ are learning rates for respectively the iterate sequence and the memory
sequence (hik)k∈N∗,i∈{1,...,N}. The consequence of introducing the memory is that at iteration k in N∗,
instead of compressing the gradient gik which expectation tends to ∇Fi(w∗) ̸= 0 (Assumption 1.8),
we compress a difference which tends now to zero in expectation like in the homogeneous scenario.
We provide a fast rate of convergence – exponential convergence up to a threshold proportional to
σ2
∗, the noise at the optimal point –, obtaining tighter bounds than in other works on compression.

Theorem 1.4 (Convergence of Artemis). Under Assumptions 1.2 and 1.5 to 1.8, for a step size γ
satisfying some conditions, for a learning rate αup verifying some conditions, and for any k in N,
the mean squared distance of wk to w∗ decreases at a linear rate up to a constant of the order of E:

E
[
∥wk − w∗∥2

]
≤ (1− γµ)k

(
∥w0 − w∗∥2 + 2γ2CB2

)
+

2γE

µN
,

for constants C and E depending on the variant (independent of k) of Artemis.

We explicitly tackle heterogeneity using Assumption 1.8, proving that the limit variance of
Artemis with memory is independent from the difference between distributions (as for SGD). Indeed,
we prove that memory makes the saturation threshold E independent of B2. This is one of the first
theoretical guarantee for double compression that explicitly quantifies the impact of non-i.i.d. data.

We prove convergence in distribution of the iterates, and subsequently provide a lower bound on
the asymptotic variance. This sheds light on the limits of (double) compression, which results in
an increase of the algorithm’s variance, and can thus only accelerate the learning process for early
iterations and up to a “moderate” accuracy. It also means that the upper bound on the saturation
level is tight w.r.t. σ2

∗, ωup, ωdwn, B
2, N and γ.

Theorem 1.5 (Convergence in distribution and lower bound on the variance). Under Assumptions 1.2
and 1.5 to 1.8, for γ, αup, E satisfying some condition, when k goes to infinity, the second order
moment E[∥wk − w∗∥2] converges to a limit variance lower bounded by Ω(γE/µN), with E depending
on the variant of Artemis.

1.5.2 Contributions of Chapter 3

Artemis has a drawback, in order to be able to broadcast back the aggregate of the received local
gradient, it compresses it before applying the update, resulting in a waste of valuable information.
The advantage is that the model held on the central server and the one used on the local workers (to

https://github.com/philipco/artemis-bidirectional-compression
https://github.com/philipco/structured_noise
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query the gradient oracle) are identical. However, this means that the model on the central server
has been artificially degraded: instead of using all the received information, it is updated with the
compressed information. We propose a new algorithm MCM which updates the global model wk+1

independently of the downlink compression, hence leading to a non-degraded update. MCM is
entirely defined by the following uplink and downlink equations.

“Server-to-client” equations “Clients-to-server” equations
Ωk = wk −Hk−1 ,
ŵk = Hk−1 + Cdwn(Ωk)
Hk = Hk−1 + αdwnCdwn(Ωk).


∀i ∈ J1, NK,∆i

k = gik(ŵk−1)− hik−1

wk = wk−1 − γ
N
∑N

i=1 Cup(∆i
k) + hik−1

hik = hik−1 + αupCup(∆i
k).

This implies that the local models are different from the central model. The local gradients
are thus measured on a “perturbed model” (or “perturbed iterate”). Such an approach requires a
more involved analysis and the deviation between the local and global models must be carefully
controlled [Mania et al., 2016].

In this thesis, for the sake of simplicity, we summarize results in a homogeneous setting [see our
paper for results in heterogeneous setting, Philippenko and Dieuleveut, 2021, Appendix G]. Therefore,
we set αup to zero; indeed we show in Chapter 2 that uplink memory is useful only in the heterogeneous
setting. Additionally, we choose αdwn = (8ωdwn)

−1 and denote Φ(γ) := (1 + ωup)
(
1 + 64γLω2

dwn

)
.

We show that MCM achieves the same rate of convergence as single compression in strongly-convex,
convex and non-convex regimes. Note that this behavior has later been also recovered by Zou et al.
[2022] for the special case of Top-K compression. We consider γmax and L̃, two constants defined in
Chapter 3, then we have the following bounds of convergence.

Theorem 1.6 (Convergence of MCM in the homogeneous and strongly-convex case). Under Assump-
tions 1.2 to 1.4 and 1.7 with µ > 0, for k in N, if σ2 = 0 (noiseless case), for γk = γmax we recover
a linear convergence rate: E[∥wk − w∗∥2] ≤ (1− γmaxµ/2)

k∥w0 − w∗∥2.
Furthermore, if σ2 > 0, taking for all K in N, γK = 4/(µ(K + 1) + L̃), for the weighted

Polyak-Ruppert average w̄K =
∑K

k=1 λkwk−1/
∑K

k=1 λk, with λk := (γk−1)
−1, we have:

E [F (w̄K)− F (w∗)] ≤
□

µK2 ∥w0 − w∗∥2 +
8σ2(1 + ωup)

µKN

(
1 +

□′ω2
dwn

µK
ln(µK +□′′)

)
,

where □,□′,□′′ are three constants given in Chapter 3.
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Figure 1.10: MCM and Rand-MCM on
quantum, they achieves a rate of
convergence identical to unidirec-
tional compression.

On Figure 1.10, we observe that MCM meets Diana (unidirec-
tional compression) while Artemis saturates at a higher level
(scaling as ωup × ωdwn), which illustrates the behavior stated
in Theorem 1.6.

We also propose a variant, Rand-MCM incorporating diversity
into models shared with the local clients and show that it
improves convergence for quadratic functions. Rand-MCM simply
consists in applying independent downlink compressions for
each client.

Theorem 1.7 (Convergence in the quadratic case). Under
Assumptions 1.2 to 1.4 and 1.7 with µ = 0, if the function is
quadratic, after running K > 0 iterations, for any γ ≤ γmax,
we have:

E[F (w̄K)− F∗] ≤
∥w0 − w∗∥2

γK
+

γσ2(1 + ωup)

N

(
1 +

4γ2L2ωdwn

K
(
1

C
+

ωup

N
)

)
,

with C = N for Rand-MCM and C = 1 for MCM.
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1.5.3 Contributions of Chapter 4

The goal of this Chapter is to provide an in-depth analysis of compression within a fundamental
learning framework, namely least-squares regression (see Subsection 1.1.4), in order to highlight the
differences in convergence between several unbiased compression schemes having the same variance
increase. More precisely, we consider linear stochastic approximation recursion, to find a zero of the
linear mean field ∇F .

Definition 1.3 (Linear Stochastic Approximation, LSA). Let w0 ∈ Rd be the initialization, the
linear3 stochastic approximation recursion is defined as:

wk = wk−1 − γ∇F (wk−1) + γξk(wk−1 − w∗), k ∈ N, (LSA)

where γ > 0 is the step size and (ξk)k∈N∗ is a sequence of i.i.d. zero-centered random fields that
characterizes the stochastic oracle on ∇F (·). For any k ∈ N∗, we denote by Fk = σ (ξ1, . . . , ξk), such
that the filtration (Fk)k≥0 is adapted to (wk)k≥0.

We assume that F is quadratic, we denote HF its Hessian. For any k in N, with ηk = wk − w∗,
we get equivalently:

ηk = (I− γHF )ηk−1 + γξk(ηk−1), k ∈ N.

Although there is abundant literature on the study of (LSA), the application to the case of
federated least-mean-squares poses novel challenges. Especially, most analyses of LSA assume
that the field ξk is linear (i.e. for any z, z′ ∈ Rd, ξk(z) − ξk(z

′) = ξk(z − z′)). More general
non-asymptotic results on stochastic approximation with a Lipschitz mean field (i.e. SGD with a
smooth objective) also assume that the noise-field is Lipschitz in squared expectation i.e. for any
z, z′ ∈ Rd,E[∥ξk(z) − ξk(z

′)∥2] ≤ C∥z − z′∥2. One major specificity and bottleneck in the case of
compression is the fact that the resulting field does not satisfy such an assumption. Instead, we
consider the following Hölder-type assumption on the compressor:

Assumption 1.9 (Compression.). We suppose that there exists two constants ω,Ω ∈ R∗
+, such that

the random operator C satisfies for all z in Rd the following property:

E[∥C(z)− C(z′)∥2] ≤ Ωmin(∥z∥, ∥z′∥)∥z − z′∥+ 3(ω + 1)∥z − z′∥2 .

It enables to provide a non-asymptotic analysis of (LSA) under weak regularity assumptions of
the noise field (ξk)k. We show that the asymptotically dominant term depends on the covariance
matrix Cania of the additive noise induced by the algorithm (nicknamed the ania’s covariance), as
expected from the classical asymptotic literature Polyak and Juditsky [1992]. The backbone theorem
of the chapter generalizes the results from Bach and Moulines [2013] obtained in the scenario of
centralized LMS. It shows that the variance term scales with Tr

(
CaniaH

−1
F

)
, which highlights the

interaction between the Hessian of the optimization problem HF , and the ania’s covariance Cania.

We then consider the simple configuration of compressed central LMS, it enables to describe
the impact of the compressor choice on the dependency between the features’ covariance H (which
is also the Hessian HF of the optimization problem) and the ania’s covariance Cania. Contrary to
the classical scenario without compression for which the noise is said to be structured, i.e., the
ania’s covariance is proportional to the Hessian HF , applying a random compression mechanism
on the gradient breaks this structure. This phenomenon is noteworthy: for an ill-conditioned HF ,
it may lead to a drastic increase in Tr

(
CaniaH

−1
F

)
and thus, to a degradation in convergence. By

calculating the ania’s covariance for various compression mechanisms, we identify differences that
classical literature was unable to capture.

3While in LSA literature, both the mean-field ∇F and the noise-field (ξk) are linear, we do not here consider the
noise fields to be linear.
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Figure 1.11: Logarithm excess loss of the Polyak-Ruppert iterate after K = 107 iterations for a
single client (N = 1).

For instance, we show that Rand-h and partial participation (see definitions in Chapter 4) with
probability (h/d) satisfy the same variance condition. Yet the convergence of compressed least-mean-
squares for PP is more robust to ill-conditioned problems. To illustrate these findings, we run a
gradient descent on a LSR problem and plot the logarithm excess loss of the Polyak-Ruppert iterate
on Figure 1.11 in three scenarios: when the features’ covariance is diagonal or not in the case of an
ill-conditioned problem, i.e., with high eigenvalues’ decay (Figures 1.11a and 1.11b, µ = 10−8); when
the features’ covariance is not diagonal and with slow eigenvalues’ decay (Figure 1.11c, µ = 10−2).

Finally, we study the case of federated learning with heterogeneous clients. We examine two
different sources of heterogeneity. First, the case of heterogeneous features’ covariances (Hi)

N
i=1

(covariate-shift), second, the case of heterogeneous local optimal points (wi
∗)

N
i=1 (concept-shift). In

the covariate-shift case, most insights from the centralized case remain valid and we explain how to
compute the ania’s covariance. On the contrary, despite that the concept-shift scenario keeps the
noise structured (without compression), it hinders the limit convergence rate, suffering from the
dispersion of the optimal points.

1.5.4 Key messages of this thesis

Throughout the chapters of this thesis, three key take-away messages can be identified.

1. The relationship between compression and heterogeneity is non-trivial. Our research has shown
that the primary factor that affects convergence is the noise on the gradient computed on the
optimal point. Based on this finding, we have developed an algorithm that performs variance
reduction for compressed SGD in scenarios where clients are heterogeneous. Our algorithm
is specifically designed to cancel the impact of heterogeneity and improve the accuracy of
compressed SGD in these scenarios. With our algorithm, we aim to address the challenges
posed by the interaction between compression and heterogeneity.

2. During downlink compression, two quantities are typically observed: x in Rd and Cdwn(x),
however, only one of these quantities Cdwn(x) is transmitted. If Cdwn(x) is used to update the
central model, as in Artemis-like algorithms, it results in an increase by a factor ωdwn of the
variance. If x is used to update the central model, it implies that the local models are different
from the central model. This leads to compute the local gradients on a “perturbed model”,
which is more challenging. Taking advantage of this scenario, we have developed an algorithm
that asymptotically cancels the impact of downlink compression.

3. Compression has a significant impact on the regularity of the optimization problem. For
example, quantization is neither linear nor Lipschitz in squared expectation. Despite this
challenge, we have conducted an analysis in the fundamental learning framework of LSR. Using
a Hölder-type condition, we have identified differences in convergence rates between several
unbiased compression operators that all satisfy the same condition on their variance, thus
going beyond the classical worst-case analysis.











https://github.com/philipco/artemis-bidirectional-compression


















































https://github.com/philipco/mcm-bidirectional-compression/notebook


https://github.com/philipco/mcm-bidirectional-compression/
https://github.com/philipco/mcm-bidirectional-compression/










































































































































https://github.com/philipco/mcm-bidirectional-compression
















































































































































https://openreview.net/forum?id=PeJO709WUup


https://labs.openai.com/
https://doi.org/10.1214/19-AOS1850


https://proceedings.mlr.press/v40/Flammarion15.html




https://proceedings.mlr.press/v130/haddadpour21a.html




https://doi.org/10.1145/324634.325197








https://proceedings.mlr.press/v162/pillutla22a.html








https://youtu.be/VOC3huqHrss
https://openreview.net/forum?id=ehJqJQk9cw







	Remerciements
	Abstract / Résumé
	Contents
	Notations
	Thesis outline
	Vue d'ensemble de la thèse
	Introduction
	Statistical learning
	Optimization for machine learning
	Federated learning
	Motivation of using bidirectional compression
	Summary of the contributions of this thesis

	Artemis: bidirectional compression with heterogeneous clients
	Introduction
	Problem statement
	Theoretical results
	Experiments
	Conclusion

	MCM: preserved central model for faster bidirectional compression
	Introduction
	Problem statement
	Assumptions and theoretical analysis
	Extension to Rand-MCM
	Experiments
	Conclusion

	Distributed, compressed and averaged least-squares regression
	Introduction
	Non asymptotic convergence result for LSA
	Application to Algorithm 2: compressed LSR on a single worker
	Application to federated learning
	Conclusion

	Conclusion and perspectives
	Conclusion
	Perspectives

	Technical preliminaries
	Identities and inequalities
	Classical results for random vectors
	Classical results in optimization

	Appendix to Artemis
	Experiments
	Filtrations
	Technical results
	Proofs of Theorems

	Appendix to MCM
	Experiments
	Two lemmas
	Proof for Ghost
	Proofs for MCM (and Rand-MCM)
	Proofs in the quadratic case for MCM and Rand-MCM

	Appendix to Distributed, compressed and averaged LSR
	Technical results
	Generalization of Bach and Moulines (2013).
	Generalisation of Bach and Moulines (2013) for linear multiplicative noise.
	Validity of the assumptions made on the random fields
	Compression operators
	Technical results on federated learning.

	Bibliography

